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*
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Abstract
In this paper, we solve the Fresnel diﬀraction integral corresponding to the propagation of a general nondiﬀracting
beam generated from an arbitrary ﬁnite-aperture system. The solution contains the original inﬁnite-extent nondiﬀracting beam times a modulating function which does not depend on the nondiﬀracting beam being generated. The modulating function corresponds to an average taken on a ring of the diﬀraction pattern of the aperture centered at the
point where the performance has to be evaluated. The solution also contains additive functions that become important
when the ring has a section lying outside the geometrical projection of the aperture. As an example, we show that the
performance of a J0 beam diﬀracted by a circular aperture may be intuitively understood from the characteristics of the
diﬀraction pattern of a circular aperture.
Ó 2004 Elsevier B.V. All rights reserved.
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1. Introduction
The scalar theory of nondiﬀracting beams
(NBs) was ﬁrst introduced by Durnin [1]. The
ﬁrst experimental investigation of these beams
showed that the theory was in agreement with
experimental results [2]. The scalar-wave equation
for free space has inﬁnite diﬀraction-free solu*
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tions. The spatial spectrum of those solutions is
conﬁned to a single ring in the spatial-frequency
domain [3]; amplitudes and phases on the ring
can be arbitrary. Some solutions can be described
by known functions; important examples are the
Bessel beams [3], the Mathieu beams [4,5] and
the parabolic beams [6]. Other solutions can be
written using modiﬁed Bessel functions [7], Hankel functions [8], and Weber functions [9]. The
freedom of the amplitude and phase in the spatial
spectrum of the solutions can be applied to
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design NBs [10]. Also, the superposition of NBs
with diﬀerent frequencies (nondiﬀracting X and
Y waves) has been considered in order to obtain
diﬀraction-free and dispersion-free pulsed beams
[11].
There are a number of methods by which to
generate optical NBs [12]. With the axicon
[13,14], with lenses with spherical aberration [12]
and with the Fabry–Perot interferometer [15]
zero-order Bessel beams may be generated with
high diﬀraction eﬃciency. Axicon-type computergenerated holograms have been used to generate
the zero-order and higher-order Bessel beams
[16,17]. This type of hologram may be generated
too with programmable spatial light modulators
[18,19] allowing the real time variation of the size
and the deﬂection angle of the beam. Long-range
Bessel beams can be generated with optical systems with spherical aberration [20]; propagation
distances over 500 m may be obtained [21]. Zero
order [22] and higher-order [23] Mathieu beams
may be generated too using computer generated
phase holograms. Acoustic NBs have been generated with two-dimensional ultrasonic transducers
[24].
The properties [12,25] of NBs are useful for
several applications; some examples: axial and
angular alignment [26], large size measurement
[27], scanning optical systems [14], optical interconnections [28], range-ﬁnding by triangulation
[29], optical tweezers [30] and optical microlithography [31].
It is not possible to generate a NB exactly because such a beam has inﬁnite extent. Analytical
expressions for the transverse and axial intensity
distributions associated with J0 Bessel beams
[32,33] and J0 Bessel–Gauss [33] beams propagating from a circular aperture have been obtained
in the Fresnel diﬀraction approximation for both
the far ﬁeld and the near ﬁeld in order to describe
diﬀraction eﬀects on those beams; those expressions contain integrals or inﬁnite series which have
to be evaluated numerically in order to establish
some general propagation features of those beams.
Phase stationary principle has been used to demonstrate that axicon-type [16,17] holograms generates Bessel beams. It also allows to describe certain
properties of generalized axicons [34], but the use

of this mathematical approximation does not permit an accurate analysis of diﬀraction eﬀects in a
general case. Still geometrical optics is the only
tool used in the derivation of the expressions to
calculate the maximum distance of propagation
[1] and the distance at which self-regeneration
properties become evident [25,30].
The aim of this paper is to develop an analysis
based on the Fresnel diﬀraction theory [35] in order to calculate diﬀraction eﬀects on general NBs
generated from an arbitrary system with ﬁnite
aperture. An analytical expression with a simple
physical meaning that allows taking into account
all diﬀraction eﬀects as a function of the Fresnel
diﬀraction pattern of the aperture will be developed. Then, in Section 2, we will make some deﬁnitions and we will introduce the basic facts of
NBs which are important for our development.
The analysis will be developed in Section 3: we will
solve the Fresnel diﬀraction integral corresponding
to the propagation of a general nondiﬀracting
beam generated from an arbitrary ﬁnite-aperture
system; the solution we will ﬁnd out contains the
original inﬁnite-extent nondiﬀracting beam times
a modulating function which does not depend on
the nondiﬀracting beam being generated. The
modulating function will corresponds to an average taken on a ring of the diﬀraction pattern of
the aperture centered at the point where the performance has to be evaluated. This ring will have
a radius proportional to the wavelength and the
distance from the aperture and will be inversely
proportional to a scale factor of the nondiﬀracting
beam. The solution will also contain additive functions that become important when the ring has a
section lying outside the geometrical projection
of the aperture. In order to show how to use our
theory to describe an arbitrary beam, a particular
case will be discussed: the propagation of a J0
beam generated from a circular aperture. Then,
in Section 4 some important characteristics of the
diﬀraction pattern of a circular aperture are derived. In Sections 5 and 6 the behavior of a J0
beam is analyzed and described from the characteristics of the diﬀraction pattern of the circular
aperture. In Section 7 illumination with a diverging spherical wave is considered in order to obtain
long range NBs.
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2. Theoretical background. Notation
2.1. General expression for NBs
A general NB propagating in the z-axis direction may be written as
Z 2p
bðr0 ; h; zÞ ¼ k r exp ðik z zÞ
AðuÞ
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For a square aperture, R is half the length of its
side. Fresnel number coincides with the number of
maxima in the transverse intensity distributions
for the diﬀraction pattern of a circular or square
aperture.
2.3. Calculating and representing Fresnel diﬀraction
patterns

0

 exp ½ik r r0 cos ðh  uÞdu;

ð1Þ

where k 2z þ k 2r ¼ k 2 ; k is the wave number and
A(u) is an arbitrary complex function. The spatial
spectrum can be obtained performing the twodimensional Fourier Transform (FT) of b(r 0 ,h,z):


1
Bðg; u; zÞ ¼ AðuÞ expðik z zÞd g 
;
ð2Þ
r0
where r0 = 2p/kr. This equation means that the spatial spectrum of any NB is composed of plane-waves
whose wave vectors describe a circumference. Bessel
beams of n-order are obtained by using [3]:
AðuÞ ¼

r0 in
ð2pÞ

2

expðinuÞ

ð3Þ

in Eq. (1). Every type of NB has a diﬀerent deﬁnition for the function A(u).
A truly NB is unlimited in transverse extent. We
will use the notation NB when the transverse extent is unlimited. We will use the notation Sizelimited NB (SNB) when the transverse extent is
limited and diﬀraction eﬀects arise.
2.2. Fresnel number
For our development, we will have to consider
the diﬀraction of the aperture of the SNB (for instance, the diﬀraction of a circular aperture) at
the distance z from the aperture where the performance of the SNB should be evaluated. A convenient parameter that allows characterizing a
diﬀraction pattern is the Fresnel number [36] NF.
For a circular aperture of radius R, illuminated
with a monochromatic plane-wave of wavelength
k it is deﬁned as:
NF ¼

R2
:
kz

ð4Þ

Let us suppose a setup that generates a SNB by
illuminating a diﬀractive element (DE) with a
monochromatic plane wave (later we consider the
most general case). Let us deﬁne the Cartesian
coordinates r = (x,y) in the plane z = 0. We deﬁne
a function t(r) corresponding to the transmittance
of the DE. The diﬀraction pattern generated by the
DE when it is illuminated with a monochromatic
plane wave A exp(ikz), where A is the amplitude
of the plane wave, may be calculated by using
the Fresnel diﬀraction theory as follows [36]:
D(r 0 ,z) = (A exp(ikz)/ikz)t(r) * Z(r,z) where Z(r,z) =
exp[i(k/2z)r2] and r 0 = (x 0 ,y 0 ) are the Cartesian
coordinates in the plane where the diﬀraction pattern is calculated; also the corresponding cylindrical coordinates (r 0 ,h) will be used. The symbol *
stands for convolution. It is convenient to deﬁne
a new function s(r 0 ,z):
sðr0 ; zÞ ¼

expðikzÞ
tðrÞ  Zðr; zÞ:
ikz

ð5Þ

Evidently s(r 0 ,z) = D(r 0 ,z)/A. Working with the
function s(r 0 ,z) has two advantages: (i) It has no
units, this allows to avoid the ‘‘arbitrary units’’
expression in graphic representations of js(r 0 ,z)j
or js(r 0 ,z)j2 used by many authors; (ii) It is a normalised function: js(r 0 ,z)j = 1 for t(r) = 1 (which
may correspond to the diﬀraction of an inﬁnitesized aperture). Then, we will use Eq. (5) for the
calculation of Fresnel diﬀraction patterns.
Any experimental setup that generates an electromagnetic or acoustical SNB from a certain
plane (z = 0) without the use of a DE may be analyzed as well with Eq. (5) by deﬁning a ‘‘virtual
transmittance function’’ with the following equality: t(r) = s(r,z = 0). This assures that our treatment may be used in a general case. A good
example of this is the original experimental setup
used by Durnin et al. [2], which is evidently
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equivalent to having a DE with a transmittance
function that may be written as a J0 times a circular aperture.
In graphical representations of diﬀraction patterns we will represent the amplitude js(r 0 ,z)j instead of the intensity. This will make it easier to
visualize the diﬀraction eﬀects in the points far
from the optical axis. For the particular case of
a Bessel function of arbitrary order, it is important to note that it is not square integrable because every ring contains about the same
amount of energy, and from this point of view,
they all have the same importance. Then, we believe that it is important, from a physical point of
view, to clearly show the diﬀraction eﬀects even
for points far from the optical axis because those
eﬀects imply a important redistribution of energy
in the beam.
Finally, we are going to use the expression
‘‘geometrical projection of the aperture’’ in its rigorous mathematical meaning. In several sections in
this paper, we will consider a circular aperture of
radius R, centered at the optical axis and containing a DE that generates the SNB. Then, the geometrical projection of this aperture at a distance
z corresponds to another circle with the same
radius R also centered at the optical axis.
2.4. Fourier transforms
The FT and the inverse FT (with a scale given
by kz) of a certain function h(r) are deﬁned by
the following equalities:


Z Z
2pi
H ðuÞ ¼ F kz ½hðrÞðuÞ ¼
exp 
r  u hðrÞdr;
kz
1
hðrÞ ¼ F kz ½H ðuÞðrÞ


Z Z
1
2pi
¼
r

u
H ðuÞdu:
exp
þ
kz
ðkzÞ2
ð6Þ

ﬁnite-aperture system. We solve the integral in a
way that allows writing the ﬁnal solution as the
product of the original inﬁnite-extent nondiﬀracting beam times a modulating function which will
be a function of the diﬀraction pattern of the aperture but will not depend on the nondiﬀracting
beam being generated. The solution will also contain additive functions that will be easily written in
terms of known functions for the particular case of
a Bessel beam of arbitrary order. In order to get
this result, we have to transform the diﬀraction
integral in a way that may look quite artiﬁcial,
but the ﬁnal solution will be simple and meaningful and will provide physical insights on how the
nondiﬀracting pattern is aﬀected by the aperture.
We start by writing the transmittance function
t(r) of the DE as follows:
tðrÞ ¼ pðrÞbðr; 0Þ;

where b(r,0) is the complex amplitude corresponding to a general NB as deﬁned in Eq. (1) for z = 0
and p(r) is a generalized pupil function that may
written as the product of four functions that takes
into account several facts: (i) the aperture function
that takes into account the ﬁnite size of the DE; (ii)
a function describing any errors in the encoding
process of the DE [37]; (iii)a function that takes
into account any kind of apodization [38]; (iv) a
function that takes into account the illumination
of the DE by an arbitrary beam (in the case of
an optical SNB); this function corresponds to the
complex amplitude of the arbitrary beam in the
plane z = 0 (DEÕs plane). The particular case of
spherical wave illumination will not supposed to
be included in the pupil function and it will be
studied in Section 7 in order to increase the range
of the SNB.
It is also possible to deﬁne p(r) as follows:
p(r) = s(r,0)/b(r,0). This deﬁnition may be the most
convenient when the beam is generated without
the use of a DE.
The Fresnel diﬀraction integral at a distance z
from the DE may be written as a FT [39]:

3. Diﬀraction of general SNBs
sðr0 ; zÞ ¼
In this section, we will solve the Fresnel diﬀraction integral corresponding to the propagation of a
general nondiﬀracting beam generated from a

ð7Þ

expðikzÞ
Z ðr0 ; zÞF kz ½Zðr; zÞtðrÞðr0 ; zÞ:
ikz

ð8Þ

The calculation of the diﬀraction integral will be
performed in several steps.
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3.1. First step

3.2. Second step

First, we will write the diﬀraction ﬁeld of a SNB
as a convolution of the diﬀraction of a NB with the
FT of the pupil function. The propagation of the
NB is a known function, so a ﬁrst simpliﬁcation
of the integral will be obtained. Using a basic
property of FT [39] (the FT of the product of
two functions may be written as the convolution
of the FT of each function) and Eq. (7) we may
transform Eq. (8):
 2


1
sðr0 ; zÞ ¼
Z ðr0 ; zÞ Z 1 ðr00 ; zÞN ðr00 ; zÞ
kz

We wish now to write Eq. (12) as a convolution
integral of b(r00 ,z) with another function. Note that
this should allow an easy calculation of s(r 0 ,z) just
by performing its FT, because the FT of b(r00 ,z) in
Eq. (2) is written in terms of a delta function. Taking into account that convolution is a commutative operation and the following equality:
Z1(r 0  r00 ,z) = Z1(r00 ,z)Z1(r 0 ,z)exp(i(2p/kz)r 0 r00 ),
we may rewrite Eq. (12) as:


Z Z
1
2p 0 00 1 00
0
sðr ; zÞ ¼
exp i r  r Z ðr ; zÞ
kz
ðkzÞ2

F kz ½pðrÞðr00 ; zÞ;

where r00 = (x00 ,y00 ) are the Cartesian coordinates
in the plane where the convolution is carried
out and
N ðr00 ; zÞ ¼

expðikzÞ
Zðr00 ; zÞF kf ½Zðr; zÞbðr; 0Þðr00 ; zÞ;
ikz
ð10Þ

N(r00 ,z) corresponds to the Fresnel diﬀraction of a
general NB and can be written as a convolution
integral: N(r00 ,w) = (exp(ikz)/ikz)b(r,0) * Z(r,z). This
convolution integral can be solved analytically by
performing the Fourier transform of N(r00 ,z) and
using Eq. (2):


expðikzÞ
1
00
kz
AðuÞd g 
F ½N ðr ; zÞðg; uÞ ¼
ikz
r0
 expðipkzg2 Þ


1
kz
¼ expðikzÞ exp ip 2 Bðg; u; 0Þ:
i
r0
ð11Þ
Performing the inverse Fourier transform we
obtain: N ðr00 ; zÞ ¼ expðikz  ipkz=r20 Þbðr00 ; 0Þ. The
complex exponential function corresponds to a
paraxial approximation of exp(ikzz). Then, for
the sake of shortness and correctness we may write
with no loss of accuracy N(r00 ,z) = b(r00 ,z); using
this in Eq. (9), we obtain:
 2


1
sðr0 ; zÞ ¼
Z ðr0 ; zÞ Z 1 ðr00 ; zÞbðr00 ; zÞ
kz
F kz ½pðrÞðr00 ; zÞ:

 F kz ½pðrÞðr00 ; zÞbðr0  r00 ; zÞdr00 :

ð9Þ

ð12Þ

ð13Þ

Let us notice here a key point for our analysis.
Note that the coordinates r 0 are parameters in the
integral. This fact will allow us to perform a
non-conventional analysis of this kind of integral.
Let us deﬁne a 5-dimensional function s 0 (r 0 ,w,z)
(where w = (u,v) and u and v are new Cartesian
coordinates) that will be equivalent to s(r 0 ,z) for
w = r 0:


Z Z
1
2p 00
r
exp
i

w
Z 1 ðr00 ; zÞ
s0 ðr0 ; w; zÞ ¼
2
kz
ðkzÞ
 F kz ½pðrÞðr00 ; zÞbðr0  r00 ; zÞdr00 :

ð14Þ

This allows us to rewrite this integral as a convenient convolution integral (integrating the
coordinate r00 ):
s0 ðr0 ; w; zÞ ¼

1
ðkzÞ

2

gðr00 ; w; zÞ  bðr00 ; zÞ;

ð15Þ

where


2p
gðr00 ; w; zÞ ¼ exp i w  r00 Z 1 ðr00 ÞF kz ½pðrÞðr00 Þ:
kz
ð16Þ
Now, we will perform the FT of s 0 (r 0 ,w,z) integrating the coordinates r 0 . The resulting function
will not be the spatial spectrum of the diﬀracted
ﬁeld, but a simple function (that may be denoted
as a point-dependent pseudo-spectrum) that will
allow to easily perform a meaningful analysis.
After this analysis an inverse FT will be performed
and then we will use w = r 0 . If we wish to calculate
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the FT of s 0 (r 0 ,w,z) we need to calculate the FT of
the functions b(r00 ,z) and g(r00 ,w,z). This will be
calculated in the third step.

2

S 0 ðm; w; zÞ ¼ ðkzÞ expði½k z  k zÞP ððm  wÞ; zÞ
 dðr  r1 ÞAðaÞ:
ð22Þ
Performing the product of P with the delta
function, we may write:

3.3. Third step

2

Let us write the FT of the function g(r00 ,w,z):



2p
Gðm; w; zÞ ¼ F kz exp i w  r00 Z 1 ðr00 ; zÞ
kz

00
F kz ½pðrÞðr ; zÞ ðm; zÞ;
ð17Þ
the Cartesian coordinates in the Fourier plane
will be denoted m = (mx,my) and (r,a) the corresponding cylindrical coordinates. This expression
may be rewritten as the convolution of three
FTÕs with Cartesian coordinates m 0 ¼ ðm0x ; m0y Þ.
Using the associative property of the convolution operation we may write Eq. (17) as
follows:


expðikzÞ
pðm 0 Þ  Zðm 0 ; zÞ
Gðm; w; zÞ ¼ iðkzÞ4 expðikzÞ
ikz
0
ð18Þ
 dðm  wÞ:
The second key point in our analysis is that the
term between square brackets is the Fresnel
diﬀraction pattern of p(m 0 ) at a distance z. The
convolution of the delta function will shift this
diﬀraction pattern, and then, after the convolution
it may be denoted as P((mw),z). Eq. (18)
becomes:
4

Gðm; w; zÞ ¼ iðkzÞ expðikzÞP ððm  wÞ; zÞ:

ð19Þ

Finally, let us calculate the FT of b(r00 ,z) using
Eq. (2):
2

F kz ½bðr00 ; zÞ ¼ ðkzÞ AðaÞ expðik z zÞdðr  r1 Þ;

ð20Þ

 expðik z zÞdðr  r1 Þ:

ð23Þ

This is our point-dependent (depends on w that
will become r 0 after performing an inverse FT)
pseudo-spectrum function. P is not a constant
function and it changes the pseudo-spectrum in a
diﬀerent way for every w. The last key point in
our development is that the function exp(ikz)P(u  r1 cos a, v  r1 sin a) is a periodic
function of a (period is 2p), and it may be
expanded in a Fourier series:
expðikzÞP ðu  r1 cos a; v  r1 sin a; zÞ
1
X
cm ðw; zÞ expðimaÞ
¼
m¼1

cm ðw; zÞ ¼

Z
expðikzÞ 2p
P ðu  r1 cos a; v  r1 sin a; zÞ
2p
0
 expðimaÞda

ð24Þ
In order to analyze the physical meaning of
this expression it will be convenient to transform
the expression of the functions cm(w,z). Deﬁning
b = a + p and using this in the integral, we
obtain:
m

cm ðw; zÞ ¼

ð1Þ expðikzÞ
2p
Z 2p

P ðu þ r1 cos b; v þ r1 sin b; zÞ
0

where
kz
r1 ¼ :
r0

S 0 ðm; w; zÞ ¼ ðkzÞ expðikzÞ
 P ðu  r1 cos a; v  r1 sin a; zÞAðaÞ

 expðimbÞdb:
ð21Þ

3.4. Fourth step
Now, we may write the FT of s 0 (r 0 ,w,z). After
doing so, we will perform the inverse FT. Using
Eqs. (19) and (20), we may write the FT of Eq.
(15) as:

ð25Þ

This is the expression of cm(w,z) that we will use
in what follows. Using Eq. (24) in Eq. (23), we
obtain:
1
X
2
cm ðw; zÞ expðimaÞAðaÞ
S 0 ðm; w; zÞ ¼ ðkzÞ
m¼1

 expðik z zÞdðr  r1 Þ:
Performing the inverse FT:

ð26Þ
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s0 ðr0 ,w,zÞ ¼c0 ðw,zÞbðr0 ,zÞ þ qðr0 ,w,zÞ
Z
X
qðr0 ,w,zÞ ¼ m6¼0 cm ðw,zÞk r expðik z zÞ

2p

expðimaÞAðaÞ
0

 exp ½ik r r0 cos ðh  aÞda

ð27Þ

 expðik z zÞ þ qðr0 ; zÞ;


X
r0
0
m
0
qðr ; zÞ ¼ m6¼0 i cm ðr ; zÞJ mþn 2p
r0

0

0

0

sðr ,zÞ ¼c0 ðr ,zÞbðr ,zÞ þ qðr ,zÞ,
Z
X
qðr0 ,zÞ ¼ m6¼0 cm ðr0 ,zÞk r expðik z zÞ

ð29Þ

 exp ½iðm þ nÞh expðik z zÞ:

Finally, using w = r 0 we may write:
0
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r0
0
0
expðinhÞ
sðr ; zÞ ¼c0 ðr ; zÞJ n 2p
r0

2p

expðimaÞAðaÞ

0

 exp ½ik r r0 cosðh  aÞda,
Z
ð1Þm expðikzÞ 2p
P ðx0 þ r1 cos b,y 0 þ r1 sin b,zÞ
cm ðr0 ,zÞ ¼
2p
0
 expðimbÞdb:

ð28Þ

Eq. (28) is the ﬁnal result of our general analysis
and will be discussed in the next sections. Note
that the diﬀraction pattern of a SNB at any point
r 0 may be written as the original NB b(r 0 ,z) modulated by a function c0(r 0 ,z) that only depends on
the characteristics of the diﬀraction of the pupil
function; note that it corresponds to an average taken on a ring of radius r1 of the diﬀraction pattern
of the aperture centered at the point where the performance has to be evaluated. Also, a function
q(r 0 ,z) has to be added. The function q(r 0 ,z)
contains inﬁnite terms. Every term is a product
of a function cm(r 0 ,z) times another function. The
functions cm(r 0 ,z) are the Fourier coeﬃcients of
the Fourier series expansion of the function
P(u  r1 cos a, v  r1 sin a); since this function will
show in most cases a soft behavior, the functions
cm(r 0 ,z) will be negligible for high values of m. This
means that a small number of terms will be needed
to calculate q(r 0 ,z). This will be shown for several
particular cases in Section 6. In all those cases it
is shown that q(r 0 ,z) may be evaluated considering
the terms corresponding to m = 4, 3, . . .,
0, . . ., 3, 4.
Note that if b(r 0 ,z) is a Bessel function of order
n, then q(r 0 ,z) may be written as a linear combination of Bessel functions. For an n-order Bessel
beam we may use the deﬁnition of A given in
Eq. (3) into Eq. (28) to obtain:

We may then notice from Eqs. (28) and (29) that
the numerical design of DE [40] and the numerical calculation of apodization functions [41] to
obtain SNBs with certain properties may be
now reduced to the calculation of convenient
pupils which generates convenient diﬀraction patterns. Also, those expressions may allow a simple
analysis of the disturbance on the orbital angular
momentum distribution of the beam [23] generated by the aperture or for the presence of an
obstacle.
3.5. Rotationally symmetric aperture
In some experimental setups, the pupil function
may be rotationally symmetric. For this particular
case the expressions that we have just developed
may be slightly simpliﬁed. Let us use cylindrical
coordinates in the deﬁnition of the functions
cm(r 0 ,z) in Eq. (28):
m

cm ðr0 ; zÞ ¼

ð1Þ expðikzÞ
2p
Z 2p
P ðr0 cos h þ r1 cos b; r0 sin h þ r1 sin b; zÞ

0

 expðimbÞdb:

ð30Þ

If P is rotationally symmetric, this implies that
it only depends on the magnitude of the position
vector of the point where we wish to evaluate P.
Then, we may write:
m

cm ðr0 ; zÞ ¼

ð1Þ expðikzÞ
2p
Z 2p qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ 

P
r02 þ r21 þ 2r0 r1 cosðb  hÞ; z
0

 expðimbÞdb:

ð31Þ

Using a new variable d = b  h, we obtain:
cm ðr0 ; zÞ ¼ expðimhÞd m ðr0 ; zÞ;
where

ð32Þ
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m

d m ðr0 ; zÞ ¼

ð1Þ expðikzÞ
2p
Z 2p qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ 

P
r02 þ r21 þ 2r0 r1 cosðdÞ; z
0

 expðimdÞdd:

ð33Þ

Note that c0(r 0 ,z) = d0(r 0 ,z). Let us use all this
for the particular case of an n-order Bessel beam
in Eq. (29):


r0
0
0
sðr ; zÞ ¼c0 ðr ; zÞJ n 2p
expðinhÞ
r0
 expðik z zÞ þ qðr0 ; zÞ expðinhÞ;


X
r0
0
m
0
qðr ; zÞ ¼ m6¼0 i d m ðr ; zÞJ mþn 2p
expðik z zÞ:
r0
ð34Þ
Finally, for the particular case of a J0:


r0
sðr0 ; zÞ ¼ e0 ðr0 ; zÞJ 0 2p
expðik z zÞ þ qðr0 ; zÞ;
r0


X1
r0
m
0
i
e
qðr0 ; zÞ ¼
expðik z zÞ;
m ðr ; zÞJ m 2p
m¼1
r0
e0 ðr0 ; zÞ ¼ d 0 ðr0 ; zÞ
em6¼0 ðr0 ; zÞ ¼ d m ðr0 ; zÞ þ d m ðr0 ; zÞ:
ð35Þ
Note that e0(r 0 ,t) = d0(r 0 ,t) = c0(r 0 ,t). Those
expressions will be used to obtain numerical results
shown in several ﬁgures.
In the following sections, we are going to analyze and illustrate the physical meaning of the
expressions we have derived. Eq. (28) shows that
the functions cm(r 0 ,z) depends only on the characteristics of the diﬀraction pattern of the pupil function. The pupil function depends on the setup used
to generate the SNB. For the sake of simplicity, we
will consider a circular aperture of radius R. Then,
in the next section, we study certain characteristics
of the diﬀraction pattern of a circular aperture that
will be useful for the discussion of the performance
of the SNB in Sections 5 and 6.

4. Diﬀraction pattern of a circular aperture
The diﬀraction pattern of a circular aperture is
a very well known pattern that may be easily

characterized by NF as commented in Section 2.
For the cases of experimental interest the diﬀraction pattern of the pupil will correspond to a near
ﬁeld diﬀraction pattern. This is not a condition for
the validity of our development but in our examples we will consider NF > 10.
The near ﬁeld diﬀraction pattern of a circular
aperture is rotationally symmetric and it looks like
a set of NF/2 concentric light rings separated by
dark rings. Then, in the transverse amplitude proﬁle, the number of maxima and minima increase as
NF increases, but the amplitude of the oscillations
decreases (in the Fresnel integral, for NF ! 1, we
recover the aperture function). Ignoring the behavior in the points close to the optical axis, the frequency of the oscillations becomes slower as we
increase the radial coordinate r 0 and the amplitude
of the oscillations become stronger. Some of those
characteristics may be observed in Fig. 1, where
the transverse amplitude proﬁle for two diﬀerent
values of NF = 12.64 and 31.60 are represented.
Those Fresnel numbers may correspond to the diffraction of a circular aperture with R = 2 cm,
k = 632.8 nm (He–Ne laser) at the distances
z = 50 and 20 m.
The behavior of the diﬀraction pattern of the
aperture around the geometrical projection of
the edge of the aperture will be important in order to describe the performance of s(r 0 ,z) when z
is near the maximum propagation distance.
Then, we are going to develop an expression that
allows us to analyze the characteristics of this
diﬀraction pattern around this region. We may
expect that the diﬀraction of a circular aperture
will behave as a ﬁrst approximation as the diffraction of a sharp edge [42] for the coordinate
r 0 . This implies two basic facts [42]: (i) there is
a an absolute maximum of the amplitude near
to the geometrical projection of the edge; (ii)
the intensity for the points corresponding to the
geometrical projection of the edge is reduced to
one quarter of the corresponding intensity for
an inﬁnite aperture.
We consider then the diﬀraction pattern at the
coordinates (x 0 = r 0 , y = 0) for r 0 around the geometric projection of the edge of the aperture, and
we will assume that we may approximate the Fresnel diﬀraction integral of the aperture as follows:
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P ðr0 ; zÞ ’



Z
expðikzÞ þ1
ip 2
y dy
exp
ikz
kz
1
Z R

p
2
exp i ðx  r0 Þ dx:

kz
1

Using the following variable
(x  r 0 ) in Eq. (36), we obtain:
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This means that the intensity at r = rm is about
37% higher than for the case of an inﬁnite aperture. For our development it is also important to
calculate the amplitude for r 0 = R:

ð36Þ

jP ðR; zÞj ’ 0:5:

gr = (2/(kz))1/2

ð41Þ

This means that the intensity for r 0 m = R is a
75% lower than for the case of an inﬁnite
aperture.

"

#
pﬃﬃﬃ
2
1
p
exp i ðCðgR Þ þ iSðgR ÞÞ ;
P ðr0 ; zÞ ’ expðikzÞ þ
2
2
4

ð37Þ
5. Amplitude distribution on the optical axis

where
rﬃﬃﬃﬃﬃ
2
gR ¼
ðR  r0 Þ;
kz

In this section and in the next section, we are
going to analyze the physical meaning of the
expressions we have derived in Section 3 and we
are going to illustrate them with several examples.
In this section, we will discuss the performance on
the optical axis using the results of Section 4. First,
let us analyze the modulating function c0(r 0 = 0,z)
for an arbitrary pupil. From Eq. (28) it may be
written as follows:
Z
expðikzÞ 2p
c0 ð0; zÞ ¼
P ðr1 cos b; r1 sin bÞdb:
2p
0
ð42Þ

ð38Þ

and C(gR) and S(gR) are the real and imaginary
parts of the Fresnel integral [36]. The amplitude
of P(r 0 ,z) takes its maximum value for gR = 1.22
(this has been established by numerical calculation). Solving Eq. (38) for r 0 and denoting r 0 m the
position of the maximum we obtain:
pﬃﬃﬃﬃﬃ
ð39Þ
r0m ¼ R  0:855 kz;
and the maximum value of the amplitude is:
jP ðr0m ; zÞj ’ 1:17:

ð40Þ
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Fig. 1. Transverse amplitude distribution of the diﬀraction pattern of a circular aperture for: (a) NF = 12.64 and (b) NF = 31.60.
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The meaning of this function is very simple:
c0(0,z) is the average value of the diﬀraction pattern of the aperture on a ring of radius r1 centered at the optical axis (aﬀected by a factor
exp(ikz), that will cancel with the factor
exp(ikz) contained in the Fresnel diﬀraction formula in Eq. (5)).
If P is rotationally symmetric, then it shows a
constant value on the ring. From Eq. (28), this fact
implies that the other functions cm(0,z) = 0 for
m 6¼ 0; then q(0,z) = 0 on the optical axis. We conclude that the complex amplitude on the optical
axis for a circular aperture (or any aperture which
is rotationally symmetric) may be exactly written
as:
sð0; zÞ ¼ c0 ð0; zÞbð0; zÞ:

ð43Þ

From Eq. (29), note that for the J0 beam, Eq. (43)
may be also used even if the aperture is not rotationally symmetric, because higher order Bessel
beams have a zero on the optical axis.
Let us continue our discussion assuming that
the pupil function is a circular aperture. We will
follow several steps that should be followed in a
similar way for any other deﬁnition of the pupil
function, but taking into account the speciﬁc properties of the diﬀraction pattern generated by the
pupil function. From the shape of the diﬀraction
pattern of a circular aperture we may easily predict
the qualitative behavior of c0(r 0 ,z) as we increase z
from three basic facts: (i) the radius of the ring r1
increases as z increases, (ii) the number of maxima
and minima of the diﬀraction pattern of the aperture decreases (the frequency of the oscillations decreases) because NF decreases as z increases, (iii)
the amplitude of the oscillations of the diﬀraction
pattern of the aperture increase with z because
NF decreases as z increases. Then, the ring will
lie on consecutive maxima and minima: c0(r 0 ,z) will
show an oscillatory behavior as z increases and the
amplitude of those oscillations will increase and
the frequency will decrease. When the ring lies
on the last maximum of the diﬀraction pattern of
the circular aperture, c0(0,z) will have reached its
last maximum. We denote zm the position of this
last maximum. This is a important maximum because it is an absolute maximum near the maximum propagation distance, as we shall see. zm

may be calculated using r0m ¼ r1 in Eq. (39) and
the deﬁnition of r1 in Eq. (21) to obtain:
pﬃﬃﬃﬃﬃﬃﬃﬃ
kzm
ð44Þ
¼ 0:855 kzm :
R
r0
Solving for zm and considering R/r0  1:
rﬃﬃﬃﬃ


Rr0
r0
r0
1  0:855
zm ¼
þ 0:265 
:
k
R
R

ð45Þ

From Eq. (40), we may write:
jcð0; zm Þj ’ 1:17:

ð46Þ

For z > zm the ring lies on a region where the
amplitude monotonically decrease, then c0(r 0 ,z)
also monotonically decreases. In this region, for
a certain distance that we will denote as zD, the
ring achieves a radius equal to the radius of the circular aperture. Using Eq. (21) and r1 = R, we
obtain:
zD ¼

Rr0
;
k

ð47Þ

and using Eq. (41), we may write:
jc0 ð0; zD Þj ’ 0:5;

ð48Þ

zD is known as the maximum distance of propagation for the J0 beam when a circular aperture is
used and it was ﬁrst deﬁned from arguments based
on geometrical optics [2].
All those results are illustrated in Fig. 2, where
the amplitude of c0(0,z) (calculated with Eq. (33))
is represented as a function of z/zm (zm is calculated using Eq. (45)) for ﬁve cases, R/r0 = 10, 20,
50, 100, 200; the last z considered for every case
is zD. It is interesting to note that NF = R/r0 for
z = zD. We may see that zm and zD become very
close distances for R/r0  1. This can be also easily
concluded using Eq. (47) in Eq. (45):
rﬃﬃﬃﬃ


r0
r0
zm ¼ zD 1  0:855
þ 0:265 
:
ð49Þ
R
R
In the ﬁgures we may observe that the maximum value tends to be 1.17 as predicted in Eq.
(46). Also note that for z = zD the amplitude tends
to be 0.5 as predicted in Eq. (48). As we may see in
Fig. 2, Eq. (49) is highly accurate even for low values of NF. We will consider again the distance zm
when we deal with long-range NBs in Section 7.
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Fig. 2 shows also the accuracy of the ‘‘straight
edge’’ approximations performed in the last section. It was ﬁrst noted by Durning [1] the similarity
of the behavior of a SNB on the optical axis with
the Fresnel diﬀraction pattern of a straight edge.

6. Transverse amplitude distribution
As in the last section, we start by studying
c0(r 0 ,z). Its physical meaning is simple. From
Eq. (28), c0(r 0 ,z) corresponds to the average of
the diﬀraction pattern P at a distance z on a ring
of radius r1 centered at the coordinates r 0 .
c0(r 0 ,z) acts as a modulating function of the
NB b(r 0 ,z).
Let us consider P a circular aperture. The ring
will be lying on several maxima and minima of
the diﬀraction pattern. If we consider c0(r 0 ,z) for
a certain z, we may expect that as r 0 increases
from zero, c0(r 0 ,z) should oscillate around unity.
For r 0 > R  r1, the ring will start lying outside
the geometrical projection of the aperture and
the amplitude of c0(r 0 ,z) will start to decrease.
For r 0 = R the center of the ring lies at the edge
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ed c
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1.2

of the geometrical projection of the aperture, so
c0(r 0 ,z) < 0.5. For r 0 P R + r1 we expect a negligible value for c0(r 0 ,z).
In order to describe the performance of the
SNB for r 0 > 0 the functions cm(r 0 ,z) for m 6¼ 0
have to be also considered. Those functions appeared from a Fourier Series development of a
periodic function (the function P on a ring of radius r1 centered at r 0 ) in Eq. (24) and should
show the same properties of any Fourier coeﬃcients. Then cm(r 0 ,z) will take values diﬀerent
from zero if P is not a constant function on the
ring. This may happen for two reasons in two
diﬀerent cases:
(i) The ring lying inside the geometric projection
of the aperture (r 0 < R  r1): In this case P
will not be a constant function because the
diﬀraction pattern behaves as an oscillatory
complex function and the amplitude consists
on a set of concentric maxima and minima.
For low Fresnel numbers we expect the
coeﬃcients cm(r 0 ,z) to have a non-negligible
(but not strong) contribution to the distortion
of the diﬀraction pattern of the SNB. As
higher Fresnel numbers are considered, the
amplitude of the oscillations are smaller and
the functions cm(r 0 ,z) for m 6¼ 0 will become
smaller.
(ii) The ring having a section lying outside the
geometric projection of the aperture
(R  r1 < r 0 < R + r1): Then a sector of the
ring will lie on a region where P takes very
low values: this implies a much stronger variation of P on the ring. This fact is very important and it will make the functions cm(r 0 ,z) to
take larger values than in case (i). Then we
expect a very important distortion of the diffraction pattern for r 0 > R  r1. For
r 0 > R + r1 the functions cm(r 0 ,z) should have
negligible values.

a

0.4
0.3

265

1.3

1.4

Z/Zm

Fig. 2. Magnitude of the amplitude of c0(0,z) as a function of
z/zm for (a) R/r0 = 10, (b) R/r0 = 20, (c) R/r0 = 50, (d) R/
r0 = 100, (e) R/r0 = 200. The upper dashed line corresponds to
c0(0,z) = 1.17.

From (i) and (ii), if the diﬀraction pattern of the
aperture corresponds to a large Fresnel number it
is possible to derive an analytical asymptotic
approximation of the functions cm(r 0 ,z). This is
done in Appendix A. When the diﬀraction pattern
of the aperture corresponds to lower Fresnel
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numbers we expect the functions cm(r 0 ,z) only to
follow approximately their asymptotic behavior
in case (ii), because the main contribution to function cm(r 0 ,z) should come from the ﬁnite size of the
diﬀraction pattern of the aperture. Comparisons of
those asymptotic values and the real ones will be
shown in several ﬁgures.
All this discussion obviously applies to the functions in dm(r 0 ,z) deﬁned in Eq. (33) and the functions em(r 0 ,z) deﬁned in Eq. (35) as well.
The performance of the SNB will also strongly
depend on r1, the radius of the ring. In the next
sections we will discuss the transverse amplitude
distribution of the diﬀraction pattern of a J0 beam
generated with a circular DE in four representative
cases, r1/R  1, r1/R  0.5, r1 =R ¼ r0m =R < 1 and
r1/R = 1 (equivalent to z = zD), and for every case
we will consider the Fresnel numbers used in Fig.
1. In every case, we will choose a certain value
for NF and for r1/R, then r0 may be easily calculated using Eqs. (4) and (21): r0/R = R/r1NF. The
graphical representations for each case correspond
to Figs. 3–6. Every ﬁgure will be discussed in a different section. For every case, we show a comparison of the amplitude distribution corresponding
to: (i) Exact calculation using the Fresnel diﬀraction integral in Eq. (5), (ii) Calculation using our
development (Eq. (35)) with the following
approximation:


r0
sðr0 ; zÞ ’ e0 ðr0 ; zÞJ 0 2p
expðik z zÞ
r0


4
X
r0
m
0
i em ðr ; zÞJ m 2p
þ
expðik z zÞ:
r0
m¼1
ð50Þ
We do this in order to show the high convergence of our development (for most cases (i) and
(ii) are undistinguishable), and (iii) calculation
for an inﬁnite aperture; this way we will observe
the modulation or distortion due to the diﬀraction
eﬀects suﬀered by the SNB. Also the amplitude of
em(r 0 ,z) for m = 0, 1, 2 are represented for each
case in order to justify the shape of the transverse
amplitude distributions and in several ﬁgures (the
ones that contain a important interval for
r 0 > R  r1) we represent also the asymptotic functions derived in Appendix A.

6.1. r1/R  1
In this case e0(r 0 ,z) corresponds to an average
value performed in a small ring. Taking into account the shape of the transverse amplitude distributions of the diﬀraction pattern of the aperture
shown in Fig. 1, we expect e0(r 0 ,z) to behave as
an oscillating function for r0 < r0m and to have
approximately the same number of maxima and
minima than the diﬀraction pattern of the aperture. We expect also that for r0 > r0m e0 ðr0 ; zÞ should
show a decrease that corresponds to the diﬀraction
pattern of the aperture. Those oscillations and the
ﬁnal decrease will modify in a non-negligible way
the shape of the NB. The higher the Fresnel number of the aperture, the lower those oscillations
should be. The functions em(r 0 ,z) for m 6¼ 0, should
take non-negligible values for r0 < r0m (because the
noticeable oscillation of the diﬀraction pattern of
the aperture) and also we expect them to be more
important for lower Fresnel numbers. For r0 > r0m
the ring lies in a region where the amplitude of
the diﬀraction pattern shows a very steep decrease,
then the functions em(r 0 ,z) for m an odd integer,
clearly should raise in this region. We may illustrate all this in Fig. 3, where we consider two different cases (i) NF = 12.64, r1/R = 0.0880 and
r0/R = 0.899; (ii) NF = 31.60, r1/R = 0.0820, r0/
R = 0.386. For both cases: (i) the ring lies on a
maximum of the diﬀraction pattern of the aperture
for r 0 = 0; (ii) the scale factor for J0 is big and the
oscillations of e0(r 0 ,z) are fast. Then we observe a
distorted J0 rather than a modulated J0.
In this case the ring is very small, and the functions are highly sensitive to the characteristics of
the diﬀraction pattern of the aperture. The interval
of points that verify r 0 > R  r1 is very small.
Then, we may expect no agreement between the
functions em(r 0 ,z) and the corresponding asymptotic values and they are not represented.
6.2. r1/R  0.5
In this case, the integral that deﬁne the function
e0(r 0 ,z) is performed on a larger ring, so we expect
the amplitude of the oscillations to be smaller and
because the ring is closer to the edge, we expect the
oscillations to be slower (As one may see from
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Fig. 3. Transverse amplitude distribution corresponding to a J0 and graphical representation of three of the functions em(r 0 ,z) for two
cases: ﬁgures (a) and (b) correspond to: NF = 12.64, r1/R = 0.0880, r0/R = 0.899; ﬁgures (c) and (d) correspond to: NF = 31.60,
r1/R = 0.0820, r0/R = 0.386. In ﬁgures (a) and (c) dashed line corresponds to a perfect J0 function, continuous line corresponds to an
exact calculation with the Fresnel diﬀraction integral, dotted line corresponds to an approximation using four terms. In ﬁgures (b) and
(d) the function e1 has been represented with a thicker line.

Fig. 1 the oscillations of the diﬀraction pattern are
slower as more close they are from the geometrical
projection of the edge of the aperture).
In this case, the scale of J0 is reduced. Then,
we expect to observe a modulated J0 (stronger

modulation for lower Fresnel number) instead
of a distorted J0 as in Fig. 3. To illustrate this,
we consider two examples in Fig. 4: (i) NF =
12.64, r1/R = 0.52, r0/R = 0.152; (ii) NF = 31.60,
r1/R = 0.478, r0/R = 0.066. For both cases: (i)
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Fig. 4. Transverse amplitude distribution corresponding to a J0 and graphical representation of three of the functions em(r 0 ,z) for two
cases: ﬁgures (a) and (b) correspond to: NF = 12.64, r1/R = 0.52, r0/R = 0.152; ﬁgures (c) and (d) correspond to: NF = 31.60,
r1/R = 0.478, r0/R = 0.066. In ﬁgures (a) and (c) dashed line corresponds to a perfect J0 function, continuous line corresponds to an
exact calculation with the Fresnel diﬀraction integral, dotted line corresponds to an approximation using four terms. In ﬁgures (b) and
(d) the function e1 has been represented with a thicker line and the dashed line corresponds to the asymptotic approximation for each
function.

the ring lies on a maximum of the diﬀraction
pattern of the aperture when it is centered on
the optical axis. (ii) For r 0 > R  r1, the ring lies
outside the geometrical projection of the aper-

ture, and in the graphics, one may observe that
in this region e0(r 0 ,z) decreases and the other
function em(r 0 ,z) raise and follow a behavior
close to their asymptotic values. Then for
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Fig. 5. Transverse amplitude distribution corresponding to a J0 and graphical representation of three of the functions em(r 0 ,z) for two
cases: ﬁgures (a) and (b) correspond to: NF = 12.64, r1/R = 0.762, r0/R = 0.1035; ﬁgures (c) and (d) correspond to: NF = 31.60,
r1/R = 0.826, r0/R = 0.0383. In ﬁgures (a) and (c) dashed line corresponds to a perfect J0 function, continuous line corresponds to an
exact calculation with the Fresnel diﬀraction integral, dotted line corresponds to an approximation using four terms. In ﬁgures (b) and
(d) the function e1 has been represented with a thicker line and the dashed line corresponds to the asymptotic approximation for each
function.

r 0 > R  r1 the performance of the J0 worsens:
the oscillations of J0 decreases and ﬁnally takes
a value that seems to correspond to an average
value of the former oscillations. This may be also
observed in Figs. 5 and 6.

6.3. r1 =R ¼ r0m =R
In this case the ring lies on the last maximum of
the diﬀraction pattern of the aperture when it is
centered on the optical axis; from Eq. (44) this will
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Fig. 6. Transverse amplitude distribution corresponding to a J0 and graphical representation of three of the functions em(r 0 ,z) for two
cases: ﬁgures (a) and (b) correspond to: NF = 12.64, r1/R = 1, r0/R = 0.0791; ﬁgures (c) and (d) correspond to: NF = 31.60, r1/R = 1,
r0/R = 0.03164. In ﬁgures (a) and (c) dashed line corresponds to a perfect J0 function, continuous line corresponds to an exact calculation
with the Fresnel diﬀraction integral, dotted line corresponds to an approximation using four terms. In ﬁgures (b) and (d) the function e1
has been represented with a thicker line and the dashed line corresponds to the asymptotic approximation for each function.

happen for r1 =R ¼ r0m =R ¼ 1  0:855=N F1=2 . Then in
Fig. 5, two cases are considered: (i) NF = 12.64, r1/
R = 0.762 and r0/R = 0.1035; (ii) NF = 31.60 and
r1/R = 0.826 and r0/R = 0.0383 (Note that the scale
factor for J0 is now still smaller). For this case we
observe that e0(r 0 ,z) shows a continuous decrease

in its value because the ring, initially centered at
the optical axis, was at the maximum of the diﬀraction pattern of the aperture and near the geometrical projection of the edge of the aperture. This
continuous decrease modulates J0. The other functions em(r 0 ,z) follow a closer behavior to the
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asymptotic values for r 0 > R  r1, which implies a
complete distortion of the performance of the
SNB in that region. Note that in this case, there
are smaller diﬀerences for diﬀerent Fresnel numbers. The reason for this is that the behavior of
the diﬀraction pattern near the geometrical projection of the edge of the aperture does not show
important diﬀerences for diﬀerent Fresnel numbers
as may be concluded from Section 4; the only
important diﬀerence is a scale factor that depends
on NF.
6.4. r1/R = 1
This case corresponds to z = zD. Two examples
are considered in Fig. 6: (i) NF = 12.64, r1/R = 1,
and r0/R = 0.0791, (ii) NF = 31.60, r1/R = 1, r0/
R = 0.03164. The function e0(r 0 ,z) has a value near
to 0.5 (as predicted in Eq. (48)) in the optical axis
and it softly decays as we consider higher values of
r 0 . In this case the modulating eﬀect of e0(r 0 ,z) is
small. The diﬀraction pattern of the Bessel beam
will then be highly distorted because the condition
r 0 > R  r1 becomes r 0 > 0; this condition is evidently fulﬁlled for any r 0 and then em(r 0 ,z) take
important values even near the optical axis. Note
that the behavior of the Bessel beams and the functions em(r 0 ,z) is almost the same for both cases; the
only diﬀerence is a scale factor as already noted in
Section 6.3. The functions em(r 0 ,z) show a behavior
still closer to the asymptotic values; the exception
is e1(r 0 ,z) near the optical axis.
We have then shown that the appearance of any
SNB can be predicted or justiﬁed from the shape
of the diﬀraction pattern of the aperture and from
the size and shift of the ring. In the ﬁgures a J0
beam has been considered but the discussion and
the results applies on general NBs generated with
the same aperture (note that the functions em(r 0 ,z)
do not have any dependence with the SNB being
generated).

7. Long range SNBs
The maximum propagation distance of a certain SNB may be too small for a certain optical
application. When this happens, one possible solu-
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tion is to illuminate the DE with a divergent spherical wave [12] or to encode it in the DE. In this
way, we may increase the diﬀraction range obtaining a long range divergent SNB [27]. We will now
calculate the complex amplitude distribution in
such a case.
If a spherical wave with origin at a distance d
from the DE illuminates the DE, the complex
amplitude distribution may be written, using Eq.
(5), as:


Z Z
expðikzÞ
ik 2
tðrÞ exp
r
sd ðr0 ; zÞ ¼
kz
2d


ik 0
2
½r  r dx dy;
 exp
ð51Þ
2z
where the convolution is explicitly written. Deﬁning M = (d + z)/d and using it in Eq. (51), we
obtain:


1
z2
exp ik
sd ðr0 ; zÞ ¼
M
d þz


 0
ik
r z
r02 s
;
 exp
:
ð52Þ
2ðz þ dÞ
M M
Thus we have exactly the same light distribution
at z as we had before at z/M = zd/(z + d), but
aﬀected by a scale factor given by M. Then, the
maximum distance of propagation becomes z0D ¼
dzD =ðd  zD Þ.
If we wish the range to be inﬁnite and we consider a circular aperture as a pupil, we may propose to use d = zm instead of zD, for three
reasons: (i) jc0(0,0,zm)j2/jc0(0,0,zD)j2 is about 5.5,
(ii) both distances are very similar as it was shown
by means of Eq. (49), (iii) the performance is better
at z = zm. Note that (i) and (iii) are important if we
are considering a long range or even an inﬁnite
range of propagation because atmospheric turbulences may aﬀect intensity and performance. Then
assuming d = zm for z ! 1, we may write the
complex amplitude distribution as:


1
ik 0
zm 0 
r2 s
r ; zm :
sf ðr0 ; zÞ ¼ exp ðikzÞ exp
z
2z
z
ð53Þ
Note that the far ﬁeld diﬀraction pattern corresponds to the one for z = zm when the DE was illuminated by a plane wave, but with a scale factor
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z/zm. Note that the intensity of this ‘‘diverging
SNB’’ will decay as (1/z)2 as any far ﬁeld diﬀraction pattern.

8. Conclusions
A diﬀraction theory based on Fresnel diﬀraction has been developed in order to evaluate the
performance of a SNB generated with an arbitrary
ﬁnite-aperture system. We have shown the
following:
(i) The Fresnel diﬀraction integral may be
exactly solved in terms of the diﬀraction pattern of the aperture of the system. This has
been done by transforming the Fresnel diffraction integral and then deﬁning a convenient 5-dimensional function. The Fourier
Transform of this function is simple and
deﬁnes a point-dependent pseudo-spectrum
function. The simplicity of this function
allows to develop a meaningful analytical
analysis.
(ii) The solution we have found out contains the
original inﬁnite-extent nondiﬀracting beam
aﬀected by a modulating function. This modulating function does not depend on the nondiﬀracting beam being generated and it
corresponds to an average taken on a ring
of the diﬀraction pattern of the aperture centered at the point where the performance has
to be evaluated. This ring has a radius proportional to the wavelength and the distance
from the aperture and is inversely proportional to a scale factor of the nondiﬀracting
beam. The solution also contains additive
functions that become important when the
ring has a section lying outside the geometrical projection of the aperture. Then, the performance of a SNB may be justiﬁed or
predicted from the characteristics of the diffraction pattern of the aperture of the system
that generates the SNB and the size and shift
of the ring.
(iii) We have studied the J0 beam diﬀracted by a
circular aperture and we have shown that its
characteristics may be easily understood from

the properties of the diﬀraction pattern of a
circular aperture. The results apply to a general nondiﬀracting beam generated with the
same aperture.
(iv) This theoretical development is useful to
describe nondiﬀracting X and Y beams,
because they are a superposition of NBs with
diﬀerent frequencies.
(v) The numerical design of DE [40] and the
numerical calculation of apodization [41]
functions to obtain SNBs with certain properties may be now reduced to the calculation of
convenient pupils which generates convenient
diﬀraction patterns.
(vi) Our theoretical results may allow a simple
analysis of the disturbance on the orbital
angular momentum distribution of the beam
[23] generated by the aperture or for the presence of an obstacle.
Finally, we expect that the mathematical analysis used in this paper may be useful for the description of other beams or diﬀraction patterns that are
theoretically inﬁnite in extent, as Talbot selfimages or computer-generated Fresnel holograms
[36].
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Appendix A. Asymptotic behavior of the functions
cm(r 0 ,z)
If we consider NF  1 then, we may write the
diﬀraction of the pupil function as:
 0
r
0
P ðr Þ  expðikzÞcirc
;
ðA:1Þ
R
where circ(r 0 /R) is a circle function: this function
is zero outside a circle of radius R and unity inside the circle. With this approximation, we may
easily calculate the contribution to the function
cm(r 0 ,z) coming from the fact that the ring of radius r1 lies on a region outside the geometrical
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projection of the aperture. Then we wish to
calculate:
 0

Z
ð1Þm 2p
x þ r1 cos b y 0 þ r1 sin b
c m ðr0 ; zÞ ¼
circ
;
2p
R
R
0
 expðimbÞdb:
ðA:2Þ
For the sake of simplicity, let us write x 0 = r 0
and y 0 = 0 (this is equivalent to consider
(r 0 ,h = 0) in cylindrical coordinates) and we will
assume R P r1. Two intervals have to be
considered:
(i) r 0 < R  r1: then c0 = 1 and cm = 0 for m 6¼ 0.
In this interval we expect a perfect reconstruction of the SNB.
(ii) For R  r1 < r 0 < R + r1 the ring will have a
sector which lies inside the circle. This sector
will start and end in the points where the circumference that deﬁnes the aperture coincides
with the ring; this happens for two angles b0
and b0 that may be obtained by solving the
following equation:
2

ðr0 þ r1 cos bÞ2 þ r21 sin b

¼ R2 :

ðA:3Þ

Solving for cos(b), we obtain:
cos ð b0 Þ ¼

R2  r21  r02
:
2r0 r1

ðA:4Þ

Using Eqs. (32) and (33), we may rewrite Eq.
(A.2) as cm(r 0 ,z) = exp(imh)dm(r 0 ,z) and:
d m ðr0 ; zÞ ¼

ð1Þ
2p

m

Z

2pb0

expðimbÞdb:

ðA:5Þ

b0

Performing the integral we obtain:
d 0 ðr0 ; zÞ ¼ 1 

b0
p

d m ðr0 ; zÞ ¼ ð1Þ

mþ1

sin ðmb0 Þ
:
mp
ðA:6Þ

Note that b0 = 0 for r 0 = R  r1, b0 = p/2 for
1=2
r ¼ ðR2  r21 Þ
and b0 = p for r 0 = R + r1. The
maximum value of d0(r 0 ,z) is 1 but the maximum
value of the other dm(r 0 ,z) is 1/mp. The function
dm(r 0 ,z) will show 0.5 * m oscillations in this interval. Inside the geometric projection of the pupil,
0
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1=2

we expect then that dm(r 0 ,z)
for r0 < ðR2  r21 Þ
will show 0.25 * m oscillations. This means, for in1=2
stance, that for r0 ¼ ðR2  r21 Þ we expect d1(r 0 ,z)
to take its maximum value and d2(r 0 ,z) to be near
zero. Also, we may consider the functions em(r 0 ,z):
e0 ðr0 ; zÞ ¼ 1 

b0
p

em ðr0 ; zÞ ¼ ð1Þmþ1 2

sin ðmb0 Þ
:
mp

ðA:7Þ

Analogous comments apply to these functions.
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